A semianalytical solution is presented for bending of moderately thick fully clamped laminated doubly curved panels using the extended Kantorovich method (EKM). The panel is subjected to uniform and nonuniform distributed loading and cut from a rectangular platform. Based on the first-order shear deformation theory, five highly coupled second-order partial differential equations in terms of displacement components are derived. Assuming separable functions for panel displacements together with the EKM converts the governing equations into double sets of ordinary differential equations with constant coefficients in terms of x and y. The resulting ODE systems are then solved iteratively until a level of prescribed convergence is achieved. Closed-form solutions can be presented for ODE systems in each iteration. Efficiency and rapid convergence of the solution technique are examined using several examples. Predictions of both deflection and stress resultants show very good agreement with other available results in the literature. It is also shown that the same formulation and solution method can be used to obtain results for spherical and cylindrical panels and rectangular plates.
A laminated doubly curved panel of rectangular platform with total thickness of h is considered. A curvilinear coordinate system (x, y, z) is used to describe the geometry of the panel, as shown in Figure 1 . The radii of curvature of the panel are R x and R y , and the lengths of the panel are a and b, along the x and y directions, respectively.
According to the FSDT assumptions, the three-dimensional displacement field is u x (x, y, z) = u 0 (x, y) + zβ 1 (x, y), u y (x, y, z) = v 0 (x, y) + zβ 2 (x, y), u z (x, y, z) = w 0 (x, y), where u i (i = x, y, z) are the displacement components of the panel along the analogous directions, u 0 , v 0 and w 0 stand for the displacements of mid-surface, and β 1 and β 2 represent rotations about y and x, respectively. (For formulas (1)-(3) see [Reddy 2004] .)
The strain-displacement relationships of the panel can be expressed as 
where ε 1 and ε 2 are the normal strains along the x and y axes, ε 6 is the shear strain in the x y-plane, ε 4 and ε 5 stand for the transverse shear strains in the yz-and x z-planes, respectively. Also, ε 
For simplicity we rewrite this in matrix form:
where {u} = u 0 , v 0 , w 0 , β 1 , β 2 T is the displacement vector, {ε} = ε 
The constitutive equations, that is, the relationship between strain components and stress resultants, including transverse shear deformations and initial curvature effects, can be written as
(see [Toorani and Lakis 2000] ), where
T is the stress resultant vector, and the stiffness matrix [P] is defined as 
(see [Reddy 2004 ]), where K s is the shear correction factor and
with (for i, j = 1, 2, 4, 5, 6)
,
the Q i j being defined by Figure 2 . An orthotropic layer.
for m = cos ϕ, n = sin ϕ, and
Here E αα , G αβ and ν αβ (α, β = 1, 2) represent the Young's moduli, rigidity moduli, and Poisson ratios, respectively, along the principal directions, and the orientation angle ϕ is measured counterclockwise from the x-axis to the 1-axis (fiber orientation) as shown in Figure 2 . The matrices [B] , [E] and [C] vanish in the case of symmetrically laminated composites. Note that, unlike the conventional constitutive equations in general use [Reddy 2004 ], here we consider also initial curvature effects. Therefore, the shear forces and torsional moments are not generally equal, i.e., N x y = N yx and M x y = M yx .
To obtain equations of equilibrium, Hamilton's principle is applied to the FSDT displacement field [Toorani and Lakis 2000] . Neglecting time-dependent terms in the resulting equations, one obtains the static form of the equilibrium equations as
where the vector {q} = {0, 0, q(x, y), 0, 0} T is the external force vector and the matrix [E], usually called the equilibrium operator, is defined as 860 KASRA BIGDELI AND MOHAMMAD MOHAMMADI AGHDAM
Substitution of (4) into (6) in conjunction with (12) leads to five second-order PDEs in terms of five unknown displacement and rotation components. The final governing system of equations may be written in matrix form as
where the square matrix
, called the fundamental matrix, comprises the geometric and material properties of the panel; its entries are defined in Appendix A. In the case of clamped structures, all displacements and rotations must vanish at the boundaries:
Application of the EKM
To apply the EKM to the governing equations (14), the first step is to assume all displacement components to be products of single-term separable functions. For economy we write this in matrix form as
where the square matrices [ξ ] 5×5 , [ψ] 5×5 and {1} 5×1 are defined by
Introducing (16) into (14) leads to the new form of the governing equations as
It is essential to rewrite the clamped boundary condition in terms of ψ i (y) and ξ i (x). Substituting (16) into (15) results in the new form of the boundary conditions for clamped panels as
Following the main idea of the weighted residuals method, all the governing equations should be multiplied by an appropriate weighting function, which in this case, in view of Hamilton's principle, is ψ i (y) for the i-th equation. Multiplying the governing equations (18) by the appropriate functions leads to
The next step is to integrate over the length of the panel in the y direction. Performing the integration results in the first system of ODEs:
where the matrices
{q}dy. are presented in Appendix B. Thus, assuming the first set of ψ i (y) as the initial guess functions, [X ] and {J } can be calculated. Any analytical or numerical solution for (21) leads to the first approximate displacement and rotation functions in the x direction, i.e., ξ i (x), i = 1, . . . , 5.
Closed-form solutions can be found for the system of simultaneous ODEs (21), using standard techniques [Wylie and Barret 1985] . The solution consists of particular and homogenous parts:
. . .
where the ξ i p (x) are particular parts of the solution that depend on the type of external load. For instance, in the case of uniform loading, all the ξ i p (x) are constants. They can be obtained by substituting d x = 0 in the matrix [X ] of (21) and using the equality
The homogenous part of the solution is comprised of exponential functions multiplied by appropriate constant coefficients. To obtain the λ i in (22), one solves the characteristic equation
which amounts to a polynomial equation
in which d x is replaced by λ. Once the λ i are calculated, it is possible to determine α i , β i , χ i and δ i , by replacing d x by λ i :
Finally, the boundary conditions (19) lead to the determination of the constant coefficients A i : 
Subsequently, a similar procedure in the x direction results in the second set of ODEs:
The same process can be used to obtain closed-form solutions for (27) which lead to the approximate functions forψ i (y). At this point, the first iteration for solution of governing equations (18) is completed. Again, the new set of ψ i (y) is used to calculate coefficients of (21). This cyclic procedure should be continued successively, until a predefined level of accuracy is achieved. Results show that three to four iterations are usually enough to obtain the converged solution.
Results and discussion
In order to examine the efficiency and applicability of the solution, we consider examples of laminated panels and plates subjected to uniform and nonuniform loadings. The mechanical properties of two orthotropic materials used in this study are tabulated in Table 1 , where E 1 and E 2 are the Young's moduli of the material in x and y directions, ν 12 is the Poisson's ratio in the x y-plane, G 12 stands for the in-plane shear modulus, and G 13 and G 23 are the transverse shear moduli in the x z-and yz-planes. The 
The dimensionless deflection (W * ) and moment (M * ) are computed at the center point (a/2, b/2) of the panel, while the dimensionless rotation (b * ) is reported at the point (a/4, b/2). The stacking sequence of the panel is taken as [0/90/0] unless explicitly noted. It should be noted that unlike the traditional weighted residual methods, the EKM does not require the initial guess functions to meet boundary conditions. To illustrate this, arbitrary initial guess functions for all cases are taken as ψ i (y) = y 2 sin(yπ/i), i = 1, . . . , 5, which clearly do not satisfy the clamped boundary conditions (19). However, the solution obtained satisfies the boundary conditions once the first iteration is accomplished.
4.1. Laminated spherical panel. The first example deals with a clamped symmetrically laminated spherical panel (R x = R y = R) subjected to a uniform distributed load. The span lengths of the panel are taken as a = b = 812.8 mm, and the panel is made of material type I. For the described panel with the radius to side length ratio of R/a = 10 and the side length to thickness ratio of a/ h = 10, the first four iterations of deflection functions ψ 3 (y) and ξ 3 (x) are illustrated in Figure 3 . Note the good convergence rate of the method apparent in these graphs. After the second iteration, both ξ 3 (x) and ψ 3 (y) overlap completely. The predictions for dimensionless deflection, moment and rotation, tabulated in Table 2 , left, also show the rapid convergence of the solution: the last two iterations differ by no more than 0.07% in dimensionless deflection, moment and rotation. Table 2 Figure 4 , left, plots the dimensionless displacement W * , moment M * and rotation β * versus the length to thickness ratio (a/ h) of a moderately deep, symmetrically laminated cross-ply (R/a = 10) spherical panel. For thin panels (a/ h > 40), both dimensionless deflection and rotation are constant. Included in the figure are also results of the double Fourier series method [Chaudhuri and Kabir 1993] .
Variations of the dimensionless displacement W * , moment M * and rotation β * with respect to radius to side length ratio (R/a) for symmetrically laminated moderately thick (a/ h = 10) spherical panels are depicted in Figure 4 , right. No variations of the dimensionless parameters (W * , M * and β * ) can be seen for the case of shallow shells (R/a > 20). The next example investigates the static response of the laminated spherical panel to nonuniform loading. The geometric parameters of the panel are taken as R/a = 3 and a/ h = 10, and the material is type I. Figure 5 , left, shows the dimensionless deflection along the centerline (x/a = 0.5) of the panel subjected to a uniformly distributed load of q 0 and a sinusoidal load q 0 sin(π x/a) sin(π y/b). The deflection is greater under the uniform load than under the sinusoidal load. However, this is not always the case: Figure 5 , right, shows the dimensionless deflection of a spherical panel with geometric parameters R/a = 3 and a/ h = 100, where the maximum deflection is higher under a sinusoidal load.
To study the effects of the loading distribution on the static response, dimensionless deflection, we give in Tables 3 and 4 the moment and rotation of spherical panels with different geometric parameters and laminations. We see that that as the panel gets thinner and deeper, it is more easily deflected under a sinusoidal load than under a uniform load.
Orthotropic spherical panel.
This example investigates sensitivity of the static response of a singlelayer orthotropic spherical panel to degree of orthotropy (E 1 /E 2 ). Except for E 1 /E 2 ratio, other mechanical properties of the panel are the same as material type I. In order to show the effect of the degree of orthotropy on the static response of the panel, the dimensionless displacement W * , moment M * and rotation β * versus degree of orthotropy (E 1 /E 2 ) are plotted in Figure 6 . It is obvious that changes in the degree of orthotropy result in significant changes of the static response of the panel. It can easily be seen that dimensionless deflection and rotation decrease as degree of orthotropy (E 1 /E 2 ) increases while increasing degree of orthotropy leads to increasing of dimensionless moment.
Laminated cylindrical panel.
We now turn to cylindrical panels, introduced first as the limit of doubly curved panels as one radius of curvature increases. Thus we take R x = 10 8 m in this section. Table 5 shows the dimensionless central deflections of clamped cylindrical panels made of material I with constant curvature ratio of 10 (R y /a = 10), various thickness ratios and various laminations under uniform loading. Analogous results obtained using the commercial finite element software code ANSYS are also included in the Table 5 . Dimensionless central deflection of cylindrical panels with constant curvature ratio of R/a = 10 and various thickness ratios and laminations: comparison of present method with results obtained using commercial finite-element code (ANSYS). The next example is a clamped symmetrically laminated cylindrical panel subjected to sinusoidal loading. The material properties of the panel are shown in Table 1 under type I and the geometric parameters are R y = 3 m, a = b = 0.3 m and h = 0.03 m. A sinusoidal loading distribution is assumed along both curved and straight axes as q(x, y) = sin(π x/a) sin(π y/b). The dimensionless deflection of the panel along straight axis x is plotted in Figure 7 ; close agreement can be seen between the present method and the results from ANSYS. This suggests that the method provides a stable and valid solution even as one radius of curvature tends to infinity. Table 6 . Dimensionless deflection of plates with different aspect ratios: comparison between the present method and results from [Chandrashekhara et al. 1990] Table 7 . Dimensionless central deflection of rectangular plates with various thickness ratios and laminations: comparison between the present method and results obtained from ANSYS.
ratios and thickness-to-side-length ratios are reported in Table 6 . Predictions of the EKM are compared with corresponding results achieved by the Lagrange multipliers technique (LMT) [Chandrashekhara et al. 1990 ], again showing good agreement.
Finally, dimensionless central deflections of square plates made of material I with various thickness ratios and laminations obtained using the presented solution along with analogous results obtained using ANSYS are reported in Table 7 .
Again, if we take infinite values for both radii (R x = R y = ∞), no divergence appears to occur. This suggests the validity and stability of the EKM for solving for the bending of laminated doubly curved panels even in the limit when both axes are straight.
Conclusion
We have presented an accurate semianalytical solution procedure for the bending of clamped doubly curved panels, using the extended Kantorovich method. Assuming the displacement functions to be products of two sets of separable functions, the governing PDEs are converted to two systems of ODEs with constant coefficients, each of which can be solved in closed form. Successive solution of the ODE systems results in convergence to the final solution of the problem. Unlike other weighted residual methods, this approach accepts arbitrary initial guess functions, not necessarily satisfying the boundary conditions. Examples are given of panels with different length-to-thickness and radius-to-length ratios, subjected to both uniform and nonuniform loading. In each case rapid convergence and high accuracy are observed, and the results agree with existing numerical and analytical solutions. The method also performs well in predicting displacement components and stress resultants. Finally, for the case of cylindrical panels (R x = ∞) and rectangular plates (R x = R y = ∞), we check that the procedure remains functional and valid.
Appendix A: Coefficients of the fundamental matrix S of (14) The matrix is symmetric. Set
Appendix B: Coefficients of the fundamental matrix X of (21) 
